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Abstract
The discrete Painleve´ I equation (dPI) is an integrable difference equation
which has the classical first Painleve´ equation (PI) as a continuum limit. dPI
is believed to be integrable because it is the discrete isomonodromy condi-
tion for an associated (single-valued) linear problem. In this paper, we derive
higher-order difference equations as isomonodromy conditions that are asso-
ciated to the same linear deformation problem. These form a hierarchy that
may be compared to hierarchies of integrable ordinary differential equations
(ODEs). We strengthen this comparison by continuum limit calculations
that lead to equations in the PI hierarchy. We propose that our difference
equations are discrete versions of higher-order Painleve´ equations.
1 Introduction
Our aim is to derive higher-order versions of the equation
yn+1 + yn + yn−1 =
αn+ β
yn
+ γ. (1)
Equation (1) is known as the first discrete Painleve´ equation or dPI, because
the scaled continuum limit yn = 1 + h
2u(x), x = nh, with α = r1h
5, β =
−3 + r2h
2, γ = 3− β − r3h
4, where the ri (i = 1, 2, 3) are constants, yields a
scaled and translated version of the classical first Painleve´ equation (PI)
u′′ = 6u2 + x,
as h→ 0.
PI is the simplest of six well known nonlinear second-order ODEs in the
complex plane called the Painleve´ equations. Their characteristic property
that all movable singularities of all solutions are poles is called the Painleve´
property. Painleve´ [1], Gambier [2], and Fuchs [3] identified them (under
some mild conditions) as the only such equations with the Painleve´ property
whose general solutions are new transcendental functions.
PI is believed to be integrable because it is the isomonodromy condition for
an associated (single-valued) linear system of differential equations [4]. dPI is
also an isomonodromy condition. Moreover, it possesses a discrete version of
the Painleve´ property called the singularity confinement property proposed
by Grammaticos, Ramani et al [5, 6].
Joshi et al [7] derived the linear problem associated with dPI by starting
with the Ablowitz-Ladik [8, 9] scattering problem. The latter authors in
turn based their scattering problem on the general AKNS problem given by
Ablowitz, Kaup, Newell, and Segur [10].
It is well known that a single linear problem can give rise to a hierarchy
of integrable ODEs [11]. In this paper, we announce an extension of such
hierarchies to the discrete realm by deriving hierarchies of integrable difference
equations.
The plan of the paper is as follows. We recall the isomonodromy prob-
lem for dPI in section 2 for completeness and then show how higher-order
difference equations arise from it, giving examples up to the sixth-order.
In section 3, we give continuum limits of the second and fourth-order dPI
equations. In section 4, we examine a linear problem associated with PI and
show that the continuum limit found for the fourth-order dPI is the next
equation in the PI hierarchy. We propose that our hierarchy of difference
equations is an integrable discrete version of such a hierarchy.
2 Construction of the dPI hierarchy
The linear problem associated with dPI [7] is
αnwn+1 = λwn − wn−1, (2)
∂wn
∂λ
= anwn+1 + bnwn, (3)
where w, α, a, b depend on a discrete variable n and w, a, b also depend on the
continuous variable λ (a, b rational in λ).
The aim of this section is to show that dPI is one of a whole range of
higher order compatibility conditions arising from this system.
The compatibility conditions of equations (2) and (3) are
bn+1 − bn−1 + λ(
an+1
αn+1
−
an
αn
) = 0,
λ2
αn
(
an+1
αn+1
−
an
αn
) +
λ
αn
(bn+1 − bn)−
1
αn
(αn
an+1
αn+1
− an−1 + 1) = 0.
Define
pn =
an
αn
and qn = bn + bn−1.
We concentrate on results for pn. Corresponding results for qn can be obtained
from the first compatibility condition above.
The two compatibility conditions collapse down into a single condition in
terms of pn
αn+1pn+2 + (αn − λ
2)pn+1 + (λ
2 − αn)pn − αn−1pn−1 + 2 = 0. (4)
Take pn to be a finite Laurent expansion in λ
pn =
l∑
k=0
Pk,nλ
k,
and substitute this expansion into (4). (Wherever convenient below we refer
to Pk,n as Pk.) We then find the following set of simultaneous equations for
P0,n, P1,n, ...Pl,n
Pl,n − Pl,n+1 = 0,
Pl−1,n − Pl−1,n+1 = 0,
αn+1Pk,n+2 + αnPk,n+1 − αnPk,n − αn−1Pk,n−1 + Pk−2,n − Pk−2,n+1 = 0
for 2 ≤ k ≤ l, and
αn+1P1,n+2 + αnP1,n+1 − αnP1,n − αn−1P1,n−1 = 0
αn+1P0,n+2 + αnP0,n+1 − αnP0,n − αn−1P0,n−1 + 2 = 0
for k = 0, 1.
Note that the equation for P0 is inhomogeneous (i.e. it has a nonzero
forcing term) whereas the equation for P1 is homogeneous. Also note that
the equations defining Pk for even and odd k may be separated into otherwise
identical equations. These lead to two inconsistent compatibility conditions
for α unless one of these two subsequences of Pk vanishes identically. In
fact, Pl = 0 for odd l is the only possibility due to the inhomogeneity of the
equation for P0.
We are therefore left with the following system
P2m,n − P2m,n+1 = 0,
αn+1P2k,n+2 + αnP2k,n+1 − αnP2k,n − αn−1P2k,n−1 + P2k−2,n − P2k−2,n+1 = 0
for 1 ≤ k ≤ m, and
αn+1P0,n+2 + αnP0,n+1 − αnP0,n − αn−1P0,n−1 + 2 = 0
for k = 0, where we have taken l = 2m (m ∈ N).
Below we list the solutions for different m up to m = 3. The ci’s, i =
1, 2, ..., 5 are constants.
• m = 0 yields the trivial linear nonautonomous equation
αnc2 = c1 + c0(−1)
n − n
with
P0,n = c2 6= 0.
• m = 1 yields the second-order equation
αnc3(αn−1 + αn + αn+1) + αnc2 = c1 + c0(−1)
n − n (5)
with
P0,n = c2 + c3(αn + αn−1),
P2,n = c3 6= 0.
In this case, we have recovered the more general version of dPI [5].
• m = 2 yields the fourth-order equation
αnc4(αn+1αn+2 + α
2
n+1 + 2αnαn+1 + αn−1αn−2 + α
2
n−1 + 2αnαn−1
+α2n + αn−1αn+1) + αnc3(αn−1 + αn + αn+1) + αnc2
= c1 + c0(−1)
n − n (6)
with
P0,n = c2 + c3(αn + αn−1)
+c4(2αnαn−1 + α
2
n−1 + αn−1αn−2 + αnαn+1 + α
2
n),
P2,n = c3 + c4(αn + αn−1),
P4,n = c4 6= 0.
• m = 3 yields the sixth-order equation
αnc5(αn+1αn+2αn+3 + 2αnαn+1αn+2 + αn−1αn+1αn+2 + α
3
n+1
+αn+1α
2
n+2 + 2αn+2α
2
n+1 + 3αn+1α
2
n + 3αnα
2
n+1 + αn−1αn−2αn−3
+2αnαn−1αn−2 + αn−2αn−1αn+1 + α
3
n−1 + α
2
n−2αn−1 + 2α
2
n−1αn−2
+3αn−1α
2
n + 3α
2
n−1αn + 4αn−1αnαn+1 + α
3
n + αn−1α
2
n+1
+α2n−1αn+1) + αnc4(αn+1αn+2 + α
2
n+1 + 2αnαn+1 + αn−1αn−2
+α2n−1 + 2αnαn−1 + α
2
n + αn−1αn+1) + αnc3(αn−1 + αn + αn+1)
+αnc2 = c1 + c0(−1)
n − n
with
P0,n = c2 + c3(αn + αn−1) + c4(2αnαn−1 + α
2
n−1 + αn−1αn−2
+αnαn+1 + α
2
n) + c5(αnαn+1αn+2 + 2αn−1αnαn+1 + 3α
2
nαn−1
+3α2n−1αn + α
2
n−2αn−1 + 2αn+1α
2
n + α
3
n + α
3
n−1 + αnα
2
n+1
+αn−1αn−2αn−3 + 2αnαn−1αn−2 + 2α
2
n−1αn−2),
P2,n = c3 + c4(αn + αn−1)
+c5(2αnαn−1 + α
2
n−1 + αn−1αn−2 + αnαn+1 + α
2
n),
P4,n = c4 + c5(αn + αn−1),
P6,n = c5 6= 0.
This process of solving the system for increasing m continues indefinitely.
At each stage, the order of the compatibility condition increases by 2.
3 Continuum limits
In this section, we derive continuum limits of difference equations found in
the previous section.
3.1 The case m = 1
Consider equation (5). If c0 = 0, we recover the equation often referred to
as dPI, with PI as one of its continuum limits. If c0 6= 0 however, the term
(−1)n suggests an odd-even dependence in αn. This dependence must be
taken into account to obtain a meaningful continuum limit. This leads to the
transformation
α2k−1 = uk, α2k = vk.
(This is similar to the limit pointed out by Grammaticos et al [12] for a
discrete version of the second Painleve´ equation generalised with an additional
(−1)n term.)
In our search for a continuum limit, we use the substitutions
uk = 1 + hy(kh), vk = z(kh), t = kh, c3 = −
2
r1
h−3,
and for ease of notation rename
µ =
c1 + c0
c3
, ν =
c1 − c0 + 1
c3
, σ = −
c2
c3
and ρ = −
2
c3
.
Then we find
z =
σ + ν − 1
2
−
ν + 1
2
yh+
1
2
(r1t + νy
2 −
ν
2
yt −
1
2
yt)h
2
+
1
2
(
r1
2
+ νyyt − r1ty − νy
3)h3 +O(h4).
Using the scalings
µ = −
σ2
4
+
ν2
4
+
ν
2
+ σ −
3
4
− r2h
3,
σ =
3
2
+
ν2
2
+ r3h
2,
ν = 1 +
2
3
r4h,
in the limit h→ 0 we are left with
ytt − 2y
3 + 2r4y
2 − 2r1ty + 2r3y +
2
3
r1r4t+ r1 + 2r2 = 0.
This is a scaled and translated version of the second Painleve´ equation (PII).
3.2 The case m = 2
For simplicity, we restrict ourselves to the case c0 = 0. First, we illustrate the
fact that second-order continuum limits are possible even though difference
equation (6) is fourth order. Under the substitution
αn = 1 + h
2u(nh), t = nh,
and the scalings
10 +
3c3
c4
−
c1
c4
+
c2
c4
= r1h
4, 20 +
3c3
c4
+
c1
c4
= r2h
2,
1
c4
= r3h
5,
equation (6) becomes
(10 +
c3
c4
)utt + (10−
c1
c4
)u2 + r2u+ r1 + r3t = 0
in the limit h → 0. This is a scaled and translated version of PI. However,
this case restricts the four degrees of freedom contained in the parameters of
equation (6) to three.
Scalings that maintain the full four degrees of freedom, i.e.
10 +
3c3
c4
−
c1
c4
+
c2
c4
= r1h
6, 20 +
3c3
c4
+
c1
c4
= r2h
4,
10 +
c3
c4
= r3h
2,
1
c4
= r4h
7,
lead, in the limit h→ 0, to the fourth-order equation
utttt + 5(ut)
2 + 10uutt + r3utt + 10u
3 + 3r3u
2 + r2u+ r1 + r4t = 0. (7)
We discuss the significance of this equation in the next section.
4 Discussion
The aim of this section is to show that equation (7), the continuum limit for
the case m = 2, c0 = 0, is the next equation in the PI hierarchy.
The continuum limit equations found for the case m = 1 are PI and PII.
These equations are considered integrable as they are isomonodromy condi-
tions for a single-valued linear problem. Furthermore, they may be viewed as
equations lying at the base of two integrable hierarchies of equations. Con-
sider the following isomonodromy problem associated with PI
vx =
(
0 1
−u(x)− k2 0
)
v, vk =
(
A B
C −A
)
v, (8)
where u is the potential, k is the eigenvalue and
A = −2uxk,
B = (2r2 + 4u)k − 8k
3,
C = −(2uxx + 2r2u+ 4u
2)k + (−2r2 + 4u)k
3 + 8k5.
PI is a compatibility condition for system (8) with these choices of A, B, C.
A hierarchy of compatibility conditions arises when A, B and C are expanded
to higher degree in k. The next self-consistent expansions are
A = −(
s0
16
uxxx +
3s0
8
uux +
s1
4
ux)k +
s0
4
uxk
3,
B = (
s0
8
uxx +
3s0
8
u2 +
s1
2
u− s2)k − (
s0
2
u+ s1)k
3 + s0k
5, (9)
C = (
s0
8
uuxx −
s0
16
u2x +
s0
4
u3 +
s1
4
u2 − 2x+ s3)k
+(
s0
8
uxx +
s0
8
u2 +
s1
2
u+ s2)k
3 + (−
s0
2
u+ s1)k
5 − s0k
7,
where s0, s1, s2, s3 are constants. A straight forward calculation shows that
equation (7) is a compatibility condition of (8) with A, B, C expanded as in
(9) (renaming s0 = −
32
r4
, s1 = −
8r3
r4
, s2 =
2r2
r4
, s3 = −
2r1
r4
).
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